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A PRELIMINARY ANALYSIS 
OE A 

REACTING BQU'X\JDAIiY LAYER WITH COUPLED PRESSURE 1NTERACTlOE"it 
I 

1. INTRODUCTION 

The injection of combustibles such as hydrogen into a high speed a i r  

s t r e a m  a r i s e s  in severa l  practical flight vehicles. In some applications 

combustion with the a i r  s t r e a m  is undesirable such a s  in the dumping of fuel 

from the upper s tages  of a launch vehicle. 

air-breathing propulsion units combustion is indeed desirable,  Accordingly-, 

i t  i s  necessary in the study of such  f lows to understand the chemical kinetics 

Other applicatiuns, such as with 

of the system. in many applications the mode of injection 

is such that the effects of viscosity, diffusion and viscous heating play an 

important role i n  determining the flow. Finally, in some applications which 

can be studied within the framework of boundary layer  theory the occurrence 

of t urnbustion within the boundary layer  can deflect the external flow altering 

Fur thermore ,  

the p r e s s u r e  distribution, i. e .  , can lead to a boundary layer interaction 

problem. 

ac t  as a flarne holder, initiating combustion close to the wall but causing a 

compression in  the external flow so that reaction is initiated there. 

process  can take place in the flow over  flat sur faces  and indeed over fî tared 

sur faces ,  i .  e . ,  over vehiclc surfaces with discontinuous changes in c r o ~  

section. 

Indeed i t  is expected that in some cases  the boundary layer  can 

This 
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It is the purpose of the present study to present a n  analysis which can 

consider a t  least  in an approximate manner some of the aspects  of the in- 

jection af fuel cited above. 

flow configurations; in one, a fuel, such  as hydrogen 

F a r  orientation i t  i s  convenient to consider two 

i s  considered to be 

injected through a slot adjacent to a wall, such a s  a vehicle surface aver 

which a supersonic a i r s t r eam is flowing. In this case the fuel is confined 

to the boundary layer  over the surface; i f  combustion occurs ,  the e x t e r d  

a i r s t r e a m  may be deflected signific antly and the p re s su re  distribution over 

the surface altered.  In a secund flow configuration, a uniform mixture of 

fuel and oxidizer a t  a temperature sufficiently low so that combuetian docs not 

o c c u r  is considered to flow over a surface.  Either the surface temperature 

o r  the temperature r i se  due  to aerodynamic heating is sufficiently high so 

that combustion is initiated within the boundary layer .  

compression of the external stream can initiate combustion there  a s  well.  

The resulting 

The method of approach is that of Referent-e: 1 which  suggests an 

integral  method of solution to homogeneous boundary layers .  

the usual integral methods based on the Ka rman-Pohlhausen approach, a 

method of moments is advanced i n  Reference 1, so  that additional accuracy 

is achieved and so that in pr  inc iple systematically improved. 

procedure,  even though of a sophisticated type, will be recognized as leading 

In contrast  to 

A n  integral  

to approxirriate solutions in contrast to a finite difference procedure which 

is  in prini,iplc exact.  However, the la t ter  procedure,  when applied to flows 



w i t h  f i n i t e  r a t e  c h e m i s t r y  have i n  the  p a s t  l e d  t o  g r e a t  campi i tx t ionaf  

cfifficrtlty e v e n  wi thou t  b o u n d a r y  layer  interaction. A c c o r d i n g l y ,  the 

p r c s e n t  approach  I S  c o n s i d e r e d  to havc  a p r o v i s i o n a l  v a l u e ,  

I n  the  i n t e g r a l  method of Refcrcnce 1 as e m p l o y e d  here t h c  trans - 
fo r rnad  n o r m a l  Loorrfinate is ust*d as  a we igh t ing  func t ion .  The* trans-  

f o r m a t i o n  r e n d v r s  th(1 cq i i a t ions  p r a c t i c x l l y  incompressible a n d  t h e  

inoriitnt m e t h o d  p t r i n i t s  t h c  i n t r o d u c t i o n  of an a r b i t r a r y  n u m b e r  o f  f r e e  

p % i r n t n c t e r s  which accaiirit f u r  t h r  n o n - s ~ i i l i l ~ t r  hchavior  af t h e  flaw f ie ld ,  

and  which a rc  deterrninr 'd  by a cor rc spond ing  n u m b s r  of m o m e n t  equa- 

tions, 'Thus, t h e  frcc. p ; t r amc tc* r s ,  or  cut-ff ic icnts  of t h e  assumed prs- 

f I 1 t' s , 

, ~ o t  h y  m e r e l y  s ; i t i? ; fkiup add i t iona l  s lop* ,  ciirvliturtb, c t e ,  rc+q~rrctn  

,it t h t x  wn l l  and "uut t*r  ctfge" of th(a bount1,iry 1,iyr.r c h a r d c t e r i ? i t i c  o f  t h e  

b ,i w 1 c I h  c nc  ;I r 1 y i n c  o r n pr e s si bl ca bch a v1 C) r 

c1 r c d c t c> r 111 1 t I c d h y ad d i t 1 c) 11 '4 1 o r d i ti It r y d 1 f f c r c+ n t 1 A 1 c q u at i on s n nd 

Ka r t i i  ,in - 1 3 0  h 1 ti I 1 i i  sen method e 
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11, tZNALY SIS 

I' h c e on s e r v at i nn  t x q u a t  i on s for  t a o  - di t n  e n s 1 on ,11 b a'mdar y 1 a ye r 

f l , ~ &  w i t h  all LeJris numbers and wi th  t h e  nilmbcr P r a n d t l  equal to  

u n i t y -  a r e  given Iwiow: 
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5 

rnodificd s t rcam ftir iction, f ,  w h e r e  

w i t h  

- 
lntrodricirig the new \,ari;Lbles r r s u l t s  i n  t h e  fol lowing sct  o f  go\ct*rn- 

i n g  equations for t h e  flow in  the t r a n s f o r t n c d  p lane :  

5 a , h , c , d  

6 

/ 

e- ," 9 I .  i 
I .  

8 ,  
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'Thc boundary  and i n i t i a l  conditions s i l l  be d i s c  cissed in  catijunctiun 

w i t h  the  inte  g r  a1 for  rrI ul at i o n s  

XNTEGKAL FORMULA'TION: - 
To obtain an approxiinate solution by the m e t h o d  of rnorncnts take 

m 
a weight l r lg  func t ion  given by ;7 

thc vari.iblcs govvrncd by Equat ions  6 through 9 i n  t e r m s  of polynomials 

in  77 T q  f" To corriplcte a s impl i f ied  t r t* . t t t ncn t  o f  the t ranspor t  p roper -  

tics t n k t  C - - p  p * 1. 

and a n t  cipateb a s s u m e d  prof i les  fa r  

-fuL- 
c t) 

I l l  
Mnl t ip ly ing  Eqtia-itions 6 through 9 by  q d and  c n r r y i n g  out t h e  

in t he  fallou-irw set of 
rl 

in tc+grat lons from 0 to q(* r e s u l t s  far tn- 0,1 

i n t eg r .11  differrri t lnl  r.qrintions involving f 
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Species: 

and, 

Elc-tricnt M a s s  Fractions: 

In Equations l la  and l l b  r ~ p i a c c :  

12n 

12b 



8 

13b 

w 11 i c h s a t  i sf i e 6 t h f% c o I I cl i ti on Y : 
14 

15 
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- Stagna t ion  E n t h a l p y  P r o f i l e ,  g:  

Since all  t h i c k n e s s e s  are  taktbn equal, tht- e n e r g y  in t txgra ls  pruvidc 

- 
t w o  e q u a t i o n s  far two  addi t ional  s drpendcnt p a r a i n c t e r s ,  HCX-C, take 

a f i f th  d e g r e e  polynomial  given b y :  

a 
I 

w h i c h  satisfies t h e  c o n d i t i o n s :  

16 

17 

.. 
Spc”it.*s, or Eletncnt M a s s  F r a c t i o n s  Y .  or Y . :  

1 .-J - 
I 

H e r r ,  as  in  t h r  profile for the  s tagnri t inn t % n t h a l p y ,  t w o  s - d e p e n d e n t  

wal l ,  Yiw. ‘l‘hus, take a f i f th  dcgret .  pol  y n o t n i n l  gi\.cn by: 

w i i i c  h satisfirs tht. cond i t ions :  

18 
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Pr e s s i r  e Int e r action : 

A s s u m e  t ha t  the pressure  i n t e rac t ion  c,4n be adequately descr ibed 

by t h e  tineiirizcd supersonic f l o w  t h c u r y ,  I n  t h i s  approximation the 

local stroamwioe prc’ssurc is  l inearly related to the gradient of the 

bot indary  layer disp1.Lcement th ickness  g iven by: 

21 

LO 

a s  ii f i rnc t  ion of the ful lniving \ ~ n r i , i b l t ~ s ;  

22 

p r  t i t  i I C  Y, T h  tis, 

2 4  



Spec ie s C o n t i n u i t y  . 
-1 

I 
E n e r g y  : 

25 

26 

2 9  

30 

\ v h c * r e  A is c o n s t a n t  n s s o c i a t v d  w i t h  thv h f - a t  of f o r t n a t i o n  o f  the  
1 

1 k i t  i ( )  n of the  T t n  otf yn arm 1 c- qu 'I I I  ti t i  c s . "I'h u s , Eq lint i on t 8 t o g e t h e r  w i t h  

Equa t ion  20 gi'i.f.5 a diffc rcntial equation for the s t r v a m w i c i c  pressure  

r(-sjw(-t to thc  cht.rnica.1 systrlrn t inder  c.tsnsi4c I ation, It is n o w  c o n v e n i e n t  
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" 7  I 
h Y  

.J 

" 1  

. i  
4 

a i r ,  It wi l l  h c r c  bc i d c a l r z e d  to c o n s i s t  tof 

1, OH 2 ,  H 3 .  1 1 2 0  4. N2 5, 0 
2 

v i  i v r c  tile n u r n b c r s  will be u s e d  for  s i i b s c s  

the* fol lowing spec ie s :  

0 ,  I I  7. 013 

pt ident i f icat ion and where  

1: wi l l  be no ted  n i t r o g e n  is t rea ted  a s  i n e r t .  r h e  eletnenis in  ih ia  

s y s t o t i ;  a r e  oxygen,  hy-drogen, a n d  ni t rogt .n .  T h u s ,  t h e  clement m a s s  

f r ac t ions  a r c  p i v c n  b y :  

d 

31 

3 2  

3 3  

34 

Y 
0 7 

Y Y 
5 

Y 
1 L 

Y 



1 3  

I n  the  mctnod o f  moixents  w i t h  t h e  profiles a s  a s s u t r i e d  h e r e  *.all 

and edge ( 7 4 )  v n l % i c s  of these  six dependent vnriab1c.s appear in t he  

d 

dcascr i l ing  intr .grt i l  cq i ta t rons  along with the s ix  8 dtgpendent c o e f f i c i e n t s  

C in thc. prc,fil(.s. The  e l e m e n t  m a s s  f r a c t i o n s  i n  a n y  case will  bc 
i 

constant  i n  the e x t e r n a l  s t r e a m ;  for  f l o w s  w h e r v i n  the external  s t r e a m  

is c h e m i c a l l y  r c a c t i l r .  the values of the f o u r  species mass ftwtiops, 

c o r r e s p o n d i n g  to i n v i s c i d ,  uon-diffusivt .  flolv. On the c o n t r a r y ,  for 

f l a w s ,  which  arc- norl-rceactlvFh external t o  thrt bourzdary l ayer ,  n a t  ordy 
L 

Y i 1 , 2  but  also Y .  i 2 ,  5,6,7 are  cuns t , in t s .  T h u s  the c h e m i s t r y  
1, e 1 e 

of t h e  h y d r o g r n - a i r  s y s t c n ?  a c c o r d i n g  t o  thtx p r e s e n t  d e s c r i p t i o n  can 

1'11 c G 0 x . c '  r II 1 ! i f i  Dif f c r e n  :i a1 Eqmt i an s : 

A s y s t e m  of o r d i n a r y  d i f f e ren t i a l  cbqrizitlotls is p r o d u c c d  b y  s u b s t i t u -  

- ----_ " " 

t i o ? i  of E q u a t i o n s  14, Ib a n d  18 in to  the nio t r ic r i t  e q u a t i o n s  10a t h rough  13b. 

u 7 y 
4 2 

Qg: Y 
5 t' 

Q 8 . Y .  
1W 

35  



14 

The J + . , ~ S  and the  Fils a r e  functions of t h e  Q.ls  m d  a r e  l is ted i n  Appendix 11, 

N o t e  a n  the Equ,ttions - and Initial Curidit it>ns 

Brforc  discussing thc two c a s e s  of p r e s e n t  i n t e re s t  there  is  a general 

’ 3  J 

corritnent regarding t h e  behavior of Eqii,itionS 35. In thls r e g a r d ,  tht. s ys- 

tt’tii of Equations 35 must b e  singular at s 0 a n d  rtsquires the regularity 

condition to bc i rnposed  i n  the neighborhi)oci o f  this point if  t h e  i n t eg ra t ion  

- 

i s  t o  initiate thcrc .  ‘This is  mor(* e l e a r l y  i l l  i s t ra tcd  b y  successive 

c.lirr.in;ition of thv cieriL ntivcs of the  t*xtc*rn.\l flt>rhJ var iab les  f rom System 

3 5 *  ?‘he procecl‘irc I cads  to t w o  coup1t.d sy.;tvrns of o r d i n a r y  differential 

c*qtrntic,ns w h c r c  on<* s yfitern exhibits t h e  var i . i t i i )n  of the external f l o w  

. r . , t r iab l~*s~ Note that i n  the  cast* of f l u x  o\<vr a flat sur face ,  t h e  pressure  

intr’r’nc tion is t h e  o n l y  d r iv ing  f o r c c  o n  ttic external f low which  nthcrwisc 

rem airia una1 t c  r e c l  I) 

The resulting t w o  systtchrns of cqii;itiotis h a v c  the fo l lowing  forms: 

36a 

and Y. i 2 ,  5, 6 ,  ;rnd 7 ,  The second s y s t e m ,  t .vhLr<* 1- PJ (,, P , ,  U t a 2  I C  l e  

“1 B 

36b 
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whtsrc I t  is o b s e r v e d  in  Equ, i t ion 36b that at ;= 0 f in i t e  

dt*r ivat ivtas  can e x i s t  only if F z -  0. I h i s  i s ,  Lhc r e g u l a r i t y  c o n d i t i o n  

w h i c h  m u s t  be i m p o s e d  i f  t h e  i n t e g r a t i o n  is t u  in i t i d t e  at s =  0, The 

rQj, j + ~  

Y 
- 

c o n s e q u e n c e s  of t ! i i s  are p e r t i n e n t  to the dct t i r tni i ia t ion of initial con- 

- 
d i t i u n s  for cot i f ig;urat ions when i n t e g r a t i o n  i s  to s t a r t  a t  s' 0. Thcre- 

forc ,  i n  thc c a s e  of t h c  u n i f o r m  m i x t u r e  of n o n - r e a c t i n g  f u e l  and air  

f lowing o v e r  the p l s t c  thc  in i t ia l  conditions c d n  be d e t c r m i n c d  a s  

fo l lows :  I m p o s e  t h e  regu1,irity condi t ion F --O, 'This providcs a s y s t e m  Y 

of algebraic r e l , i t i o n u  f o r  the  in i t i a l  Q g t s  i n  t e r m s  of t h e  initial Q $ 8 .  
P 

It  is n o t e d ,  h o w e v e r ,  t h a t  the t a s k  of so l \ i i ig  t h e  complex algebraic 

s y s t e m  tnay bt. a v o i c l r ~ c i  b y  o b s e r v i n g  the concht ion  t h a t  F - 0 is t h c  Y -  
rc'qiii r e d  c o n d i t i o n  fur the ~ x i v t r n c c  of a s imilar  flow. Sirni1,xrity 

rcquircbs t h a t  77 

of S, t h v i r  valiies depend ing  o n l y  on t h e  spec i f i r -d  i n i t i a l  f1o.K c o n -  

aZ, bl ,  bL and t h e  pcrtirirnt C i ' 2 s  m u s t  be indcIpendrnt 

- 

d i t i o n s .  I n s p e c t i o n  of the F f a r  t h e  p r e v e n t  f l a t  p la te  configuration Y 

s h o w s  t h a t  t h i s  r v q t i i r e r n e n t  i s  satisfi tad f o r  a un i fo rn i  e x t e r n a l  flow 

T h c r c f o r c ,  t he  x n i i i d l  cuticlitions appropri,ite to  Equa t ion  3 5  c a n  b e  
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of e q u a t i o n s .  T h e  r e q u i r e m e n t s  f o r  s i r n i l a r i t y  discussed above  are 

i n s e r t e d  i n t o  E q u a t i o n  35. The i n d e t c r t n i n a n c y  is r e v i d  by s t a r t -  
, i { i  

- -I 
i n g  thc i n t e g r a t i o n  at an a r b i t r a r i l y  stnall 3- si 0 wi th  estimates 

The e q u a t i o n s  a rc  in t eg ra t ed  un t i l  2‘ tnade for q , a , bl, arid b 
C’ 2 

d l  I 
2 b ,, and t> a r e  s e n s i b l y  z e r o .  T h e r e  a r e  t h e  i n i t i a l  #? 

77 * a  e 2 ’  

c o n d i t i a n s  u s e d  t o  i n t e g r n t c  Equat ion  3 5  Lvith t h e  s i m i l a r i t y  r e q u i r e -  

In  t h e  case  of s l o t  i n j e c t i o n ,  t h c  i n t c g r a t i o n  of E q u a t i o n  35 is 

to i n i t i a t e  downstrc*arn froin the point o f  i n j r c t i u n .  Indeed, t h e  f l o w  

i n  t he  v i c in i ty  of t h e  s l a t  is no t  simply a b o i i n d n r y  laycr f low but  

c o n s i s t s  of a wakv l i k e  t r> ix ing  rvgion or igir ia t i r ig  frarn t h e  t ra i l ing 

edge of t h e  s p l i t t c r  plat<, and a boundary l a y e r  adjacent t o  the l o w e r  
- -  

surface ( 6 ) .  The present  a n a l y s i s  i s  aypl icabl t .  from thc  point, s-2 B 
i ’  

witiclr siipi>l): t h e  i n i t i a l  \ alnes of a2, bl#  b2 and t h e  C . , L ’ s  by f i t t i ng  

t h t  assunic>d polynorriial  (lis t r ibu t iuns .  The v.rluc of q at S -  Y is 

1 

- -  
t 1 

calcti1ntr.d t h r o u g h  Equ.ttion 5d. rile incor:mr,it ion of the extra p a r a i i i e t c r s  

inakcs the prcasent ana lys i s  s u p e r i o r  t o  t h e  c o n v e n t i o n a l  i n t e g r a l  m e t h o d  

but  m a y  not bc suff ic i t :ntly a c c u r a t e  for  some problcms. 
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111. DISCUSSION 

A p r  e l i  mi n ar y an ral y si s f t> r the two - di :xi c n s ion a1 , 

-" 

r c ac t irtg 1 am in ar 

bottnrlary lay-er with ciiup1t.d prc-ssurc, intc:r.1i.t:ian i s  d e \  $.loped. The 

prvssurc is  assu;ned to dt-pcnd linr,trly or1 tl-e slope of the  displacement 

ti.ic:krl(sss in  accordance w i t h  lineari L e d  supersonic theory. 

Two appliratiot7s of ciirrt'i;t iritt*r*2s! a r c  considvrcd; i n  one a unifarcn 
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y layer  

c a n  l ead  to f low deflection of the external s t ream and t h u s  to p r e s s u r e  

dis t r i hu t ions  on the  body. 

supersonic stream, i n  thi case combustion w i t h i n  the bounda 

Although the analysie a8 presented is rather g e n e r d ,  the? hydro 

air  s y s t e m  has been  canlStide+rcd i n  morC d e t a i l ,  
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APPENDIX 1 

The gcnc*rnl set of gove rn ing  equations for  t.ri>L are given below 

wht*rc t h e  gove rn ing  set  for m::O and 1 arc given by Equations 10a 
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throtigh 13b i n  t h e  text,  
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APPENDIX 11 

'The  b o u n d a r y  1ayt.r tnotncntutn equation leads to the following 

coefficients for  m z  0 arid 1, respect ive ly  

m 0 
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The b o u n d a r y  la>-er s p e c i e s  c o n s c r \  atiori equations give tlie fo l low-  

i n g  cutafficicnts for r n -  0 and  I respec t ive ly .  
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The relation express ing  the p r e s s u r c  clrpendence on the displncvtncnt 

t h i c k n e s s  is given b y :  
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